Abstract: By using the boundedness results for the commutators of the fractional integral with variable kernel on variable Lebesgue spaces L p(·) (R n ), the boundedness results are established on variable exponent Herz−Morrey spaces MK α,λ q,p(·) (R n ).
Introduction
M uckenhoupt and Wheeden [1] have proved the boundedness of the fractional integral operators T Ω,µ with power weights from L p to L q . The boundedness of the fractional integral operators were studied by Calderón and Zygmund [2] . Ding, Chen and Fan [3] introduced the properties of T Ω,µ on Hardy spaces. The theory of the variable exponent function spaces has been rapidly developed after the work [4] where Kovácik and Rákosník proved fundamental properties of Lebesgue spaces with variable exponent. After that, many researchers work in this direction, see [5] [6] [7] [8] [9] [10] [11] . Izuki [7] defined the class of Herz-Morrey spaces with variable exponent and considered the boundedness of the fractional integral on these spaces. In [11] the author's studied the boundedness of the fractional integral with variable kernel on MK α,λ q,p(·) (R n ) spaces. Let S n−1 (n ≥ 2) be the unit sphere in R n with normalized Lebesgue measure dσ(x ). A function Ω(x, z) defined on R n × R n is said to be in L ∞ (R n ) × L r (S n−1 )(r ≥ 1), if Ω satisfies the following two conditions:
(i) For any x, z ∈ R n and any λ > 0, one has Ω(x, λz) = Ω(x, z);
(ii) Ω L ∞ (R n )×L r (S n−1 ) := sup x∈R n s n−1 |Ω(x, z )| r dσ(z ) 1 r < ∞.
For 0 ≤ µ < n the fractional integral operator with variable kernel T Ω,µ is defined by
T Ω,µ f (x) = R n Ω(x, x − y) |x − y| n−µ f (y)dy.
The commutators of the fractional integral is defined by
Ω(x, x − y) |x − y| n−µ (b(x) − b(y)) m f (y)dy.
Throughout this paper, Let E be a Lebesgue measurable set in R n with measure |E| > 0, χ E means its characteristic function. Now, introduce the definition of the variable exponent Lebesgue spaces. Definition 1. [5] Let p(·) : E → [1, ∞) be a measurable function, the Lebesgue space with variable exponent
The Lebesgue spaces L p(·) (E) is a Banach spaces with the norm defined by
We denote p − = ess inf {p(x) : x ∈ E}, p + = ess sup{p(x) : x ∈ E}. Then P (E) consists of all p(·) satisfying p − > 1 and
Definition 2. [7] Let α ∈ R, 0 < q < ∞, p(·) ∈ P (R n ) and 0 ≤ λ < ∞. The homogeneous Herz− Morrey spaces with variable exponent MK
Properties of variable Lebesgue spaces
In this section, we state some properties of variable exponent Lebesgue spaces.
Proposition 3.
Assume that p(·) ∈ P (R n ) satisfies the follows inequalities:
then, we have p(·) ∈ B(R n ).
, for all function f and g, there exists the fact
Lemma 5. [5] Assume that E is a Lebesgue measurable subset of R n with positive measure and p(·) ∈ P, if f : E × E −→ R be a measurable function (with respect to product measure) such that for almost every y
Lemma 7.
[13] If x ∈ R n and defined q(x) by
, for all measurable function f and g, we have
Lemma 8. [13] Suppose that p(·) ∈ B(R n ) and 
Lemma 10. [8] If p(·) ∈ B(R n ), there exists constant C > 0 such that for any balls B in R n , we have
Lemma 13.
[10] Let b m ∈ Lip β (R n ); m is a positive integer, and there exist constants C > 0, such that for any k, j ∈ Z with k > j, we have
(
Lemma 14.
[16] Let b m ∈ BMO(R n ); m is a positive integer, and there exist constants C > 0, such that for any k, j ∈ Z with k > j, we have
Main theorems and their proofs
In this section, we will prove the main results of this paper.
, and the integral modulus of continuity ω r (δ) satisfying
First, we consider U 1 . By the vanishing condition of f j , applying Lemma 5 and Minkowski inequality when
For U 11 , we define
, such that p 2 (x) > 1, by Lemma 7 and Lemma 14, we have
According to Lemma 8 and the formula
Applying Lemma 6, noting that 2 j−k ≤ 2 (j−k)β we get
Thus, we have
For U 12 , similar to U 11 , we have
By Lemma 14, we obtain
Using Lemma 4, Lemma 9 and Lemma 10, we have
Then we have
When 1 < q 1 < ∞, take 1/q 1 + 1/q 1 = 1. Noting that α < nδ 1 + β, by the Hölder inequality we obtain
When 0 < q 1 ≤ 1, we have
Finally, we estimate U 2 . By the boundedness of the T b m Ω,µ on L p(·) (R n )(Lemma 11 ), we have
First, we consider U 21 , then we have
For U 22 , when λ < α we have
Thus, by (2)- (5), we finishes the proof of Theorem 15.
, and the integral modulus of continuity ω r (δ) satisfying 1.
First, we consider A 1 . By the vanishing condition of f j and Lemma 5, the Minkowski inequality when j ≤ k − 2 we have
For A 11 , we define
such that p 2 (x) > 1, by Lemma 7 and Lemma 13, we have
By Lemma 7 know that
For A 12 , we obtain that
Then, by Lemma 13, we get
So, we have that
.
When 1 < q 1 < ∞, take 1/q 1 + 1/q 1 = 1. Noting that α < nδ 1 + β, by the Hölder inequality we have
Finally, we estimate A 2 . By the boundedness of the T b m Ω,µ on L p(·) (R n )(Lemma 12 ), we have
The rest of the proof is the same as the proof of U 2 in Theorem 15, we omit the details there. Then, we can easily see that
By (6)- (8) the proof of Theorem 16 is complete.
